We analyze transport through a quantum point contact in fractional quantum Hall states with counterpropagating neutral edge modes. We show that both the noise (as expected and previously calculated by other authors) and (perhaps surprisingly) the average transmitted current are affected by downstream perturbations within the standard edge state model. We consider two different scenarios for downstream perturbations. We argue that the change in transmitted current should be observable in experiments that have observed increased noise.
I. INTRODUCTION
The current traversing the edge of a quantum Hall device is elegantly described by chiral Luttinger liquid (CLL) theory. 1 For Laughlin states, the theory has only one edge mode, while for more complicated states, there might be multiple edge modes. Particle-hole conjugate states were originally predicted to have charged edge modes propagating in both directions [2] [3] [4] , but such counter-propagating charged modes were never detected. 5 This mystery was resolved when it was shown that in the presence of disorder and interactions, certain edges with counter-propagating charged modes could reconstruct into an edge with a single charged mode and counterpropagating neutral modes. 6, 7 The question then remained, how can one detect the elusive neutral mode(s)? The question was answered by Bid, et al. 8 , who observed an increase in the noise across a quantum point contact (QPC) caused by a downstream perturbation, which they interpreted as evidence for the existence of neutral excitations.
Measuring the shot noise across a QPC to confirm the e/3 charge of Laughlin's predicted quasiparticles was a breakthrough development in quantum Hall physics [9] [10] [11] [12] . Since then, significant effort has been devoted to using shot noise measurements to gain insight into more complicated edges. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] The experiment of Ref. 8 consists of a Hall bar with a QPC across which noise and current are measured, as shown in Fig 1. Current is then injected into one edge, downstream of the QPC (here downstream always refers to the net direction of charged current), and the change in current and shot noise are measured. Intuitively, if the edge is chiral, then the current injection should not change the shot noise or current across the QPC; if the edge has a non-chiral charged mode, then the shot noise and current across the QPC should both change; if the edge has a non-chiral neutral mode, then shot noise across the QPC should increase but current should remain unchanged. Using this intuition, Ref 8 confirmed the existence of the counter-propagating neutral modes for ν = 2/3, 3/5 and 5/2, as well as confirmed the pure chirality of the edge at ν = 1/3, 2/5 and 1. This was a breakthrough experiment in understanding quantum Hall edge physics at particle-hole conjugate states.
At that time, a rigorous theoretical model of the experiment using CLL theory was absent. In trying to fill that void, we have found a surprising result that defies the intuitive prediction: a non-chiral neutral mode can change both the current and shot noise across the QPC.
Our model assumes weak coupling between the quantum Hall edge and the external lead that injects current downstream of the QPC, which allows us to treat the effect of the current injection perturbatively. We first consider a toy model with fermionic edge modes and then move to a more general model with multiple Luttinger liquid edge modes that allows fractionalization and is expected to describe several Abelian particle-hole conjugate states. In both cases, we observe that injecting current downstream of the QPC changes the charged current across the QPC through the upstream propagation of neutral modes. The sign of the change depends on the scaling dimension of the tunneling quasiparticles.
We then consider the model proposed in Refs 26 and 27, which assumes that the effect of injecting current into an edge is to increase the temperature of that edge. We show that the increased temperature also changes the tunneling current across the QPC.
Finally, we compare the theoretical models to experimental results at ν = 2/3. Both models predict a decrease in the magnitude of the tunneling current, which could reach tenths of nanoamps over the parameter regime of the experiment. Given the precision of the experiment, we believe this to be an observable effect. We then discuss directions for future work.
II. WEAK DOWNSTREAM PERTURBATIONS
The experiment has two main features that need to be included in our model: a QPC at x = 0, across which current and voltage are measured, and a current source at x = a that injects current into the quantum Hall edge, downstream of the QPC; a schematic of the experimental set-up is shown in Fig 1. The QPC is modeled in the usual way, by including terms which tunnel quasiparticles between the edges of the Hall bar. 28, 29 We model the downstream current source similarly: we assume the current source is a metallic lead which is weakly coupled to the quantum Hall edge and tunnels electrons between the two. We first compute the tunneling current and shot noise across the QPC in the absence of the injected current. We then turn on the current injection and compute the change in current and shot noise. If the edge is completely chiral, then the injected current, which enters downstream of the QPC, has no effect on the shot noise and current across the QPC. Here, we are interested in the more interesting case in which the edge consists of a chiral charged mode and an anti-chiral neutral mode; this can result from the equilibration of two counter-propagating charged modes, as in the particle-hole conjugates of the Laughlin states. We warm up by considering a toy model of free fermion edge modes and then generalize to an arbitrary edge, which permits fractionally charged excitations.
A. Free fermion edge
The edge of our free fermion model consists of a counterclockwise-propagating charged mode and a clockwise-propagating neutral mode.
We denote the fermion annihilation operators for these modes ψ c and ψ n , respectively. Since the 'top' (T) and 'bottom' (B) edges, as indicated in Fig 1, are separated by grounded contacts, each annihilation operator has a subscript T /B and the Lagrangian is a sum of separate Lagrangians on each edge L = L T + L B , where
The signs ±, ∓ correspond to the T /B edge and v c/n,T /B is the velocity of the indicated mode. The QPC at x = 0 is incorporated in the Lagrangian through the tunneling term
There is also a pair-tunneling term that mixes the charged and neutral modes:
Similar single-and pair-tunneling terms involving only the neutral modes may also be present, but they do not contribute to the shot noise or current. Terms involving more fields or derivatives might also be present, but we do not need to consider them here. We will usually consider an applied voltage, V 0 , across the QPC, which is incorporated through the phase of the tunneling coefficients: λ 1,2 → λ 1,2 e −iω0t , where ω 0 = eV 0 .
We model the current injection by a second QPC at x = a that allows tunneling from an external lead, whose fermion annihilation operator we denote by Ψ. We will always take a < 0, as shown in Fig 1. Single electron tunneling across the QPC is included by the term:
Now suppose that the lead also has a neutral fermion mode, whose annihilation operator is Ψ n . Then there is also a pair tunneling term that mixes the charged and neutral fermion modes:
The voltage difference V 1 between the external lead and the top edge of the Hall bar is incorporated through the tunneling coefficients by Λ 1,2 → Λ 1,2 e −iω1t , where ω 1 = eV 1 . The charged current operator across the QPC at x = 0 is given by I tun = e and show that ∆I tun = 0. It is not hard to show that I 1 is independent of the current injected downstream (and hence independent of Λ 1,2 ) because it depends only on the charged edge mode, which moves from x = a to the left ground without passing the QPC at x = 0. Hence,
Because the system is not in equilibrium at non-zero voltage, the correlation function in Eq (13) requires careful treatment, which is explained in Appendix A. The full calculation is shown in Appendix B. Here we state the result:
We have assumed that the neutral fermions are Majorana fermions, which yields the physically reasonable result that ∆I tun = 0 when ω 0 = 0. If this is not the case, then ∆I tun will have additional terms which are odd in ω 1 . These terms are computed in Appendix B. Eq (14) shows the main point of this work and gives an experimental prediction for this fictitious edge: the charged current measured across the QPC at x = 0 will change when current is injected at x = a, even though it is only carried to x = 0 by the neutral mode. Physically, we understand this as the presence of extra neutral fermions enhancing the probability of a pair-tunneling event. Since tunneling events in one direction are favored to begin with, due to the voltage bias, the probability for these events is more enhanced, leading to increased current. That this is realized in such a simple model hints that it is a general result, which applies to any edge with oppositely propagating neutral and charged modes and tunneling operators that mix the two.
B. Luttinger liquid edge
To generalize the results of the previous section to edges with fractional excitations, we describe the edge by a Luttinger liquid with counter-propagating charged and neutral modes, denoted by the bosonic fields φ c and φ n . We assume the Lagrangian is diagonal in these modes after scattering and interactions have been included. In the set-up shown in Fig 1, the Lagrangian is a sum of Lagrangians on the top and bottom edges, L = L T + L B , where
where T /B denotes the top or bottom edge, the v's denotes the velocities, and g c and g n are integers that determine the scaling dimensions of operators in the theory. A quasiparticle is labelled by an integer pair q = (q n , q c ), which determines its annihilation operator, Φ q = e iqnφn+iqcφc and its charge, q c e * , where e * is the minimum quasiparticle charge. By convention, we take q c > 0; the hermitian conjugate terms correspond to creation operators. The scaling dimension of Φ q is given by q 2 /2, where we have defined the inner product
n /g n . For a particular edge theory, not all pairs are allowed excitations; for example, for the ν = 2/3 edge that we will discuss in more detail in Sec IV, g c = 6, g n = 2, e * = 1/3 and allowed excitations have q c = q n mod 2.
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The QPC at x = 0 is included in the Lagrangian through the tunneling term,
For λto be nonzero, the quasiparticles q and q must have the same charge and statistics, but not necessarily the same neutral component. If there is a voltage V 0 across the QPC then λ q → λ q e −iqcω0t , where ω 0 = e * V 0 . The current injection is described by a QPC at x = a that tunnels electrons between an external lead and the quantum Hall edge. Let Ψ denote the electron annihilation operator of the lead. Then the current injection is described by the Lagrangian,
where Λ r is only nonzero if r c e * = e, so that the sum is over all electron operators in the theory. If there is a voltage V 1 across the QPC at x = a then Λ r → Λ r e −iω1t , where ω 1 = eV 1 . Less relevant terms that tunnel pairs of electrons across the QPC might also be present, but we do not consider them here.
The tunneling current operators are given by I tun = q,q Iand I inj = r I rΨ , where
It is straightforward to compute to lowest order in perturbation theory, setting v i,T /B = 1 by absorbing the velocities into the tunneling coefficients,
These results are identical to Eqs (10) and (11) when the scaling dimensions of the tunneling terms are matched. The zeroth order, zero-frequency shot noise is given by the sum
As in the previous section, we want to find the change in tunneling current at x = 0 in the presence of the injection at x = a, when a < 0, so the current moving from the injection to the QPC at x = 0 is carried only by the neutral mode. We define the change in current by ∆I tun in Eq (12) . To leading order,
To ensure that ∆I tun = 0 when ω 0 = 0, we assume that the tunneling coefficient λfor tunneling a quasiparticle with q = (q n , q c ) from the top edge is the same as that for a quasiparticle with opposite neutral charge, q = (−q n , q c ), and similarly for tunneling q from the bottom edge and r to the external lead Λ r . 39 Here we state the result in two limiting cases; the full expression is given in Appendix C. In the limit |ω 1 | |ω 0 |,
while in the limit |ω 1 | |ω 0 |,
where b,r ∝ q c |λ| 2 |Λ r | 2 is a positive constant. Eqs (24) and (25) agree with Eq (14) after identifying r 2 = 3, q 2 + q 2 = 4 and show our main result in general form: electrons injected into the edge at x = a will cause a change in the charged tunneling current at x = 0, even though only the neutral part of the injected electrons move from x = a to x = 0. This general formulation is applicable to any bosonized Abelian quantum Hall edge with counter-propagating modes. We expect it could be extended to a non-Abelian edge by matching the scaling dimensions of the tunneling operators. Interestingly, though, the sign of ∆I tun depends on the magnitude of the scaling dimensions q and q and the simple picture of enhanced tunneling in the fermionic model is generalized to enhanced or diminished tunneling depending on the scaling dimensions of the tunneling quasiparticles.
When we compare to experimental data we will want the excess zero-frequency shot noise, which is also computed in Appendix C. We find that in the limit |ω 1 | |ω 0 |,
III. TEMPERATURE DIFFERENCE MODEL
In the previous section, we modeled the current injection by an external lead weakly coupled to the edge of the Hall bar by a QPC. An alternate approach is used in Refs 26 and 27. There, they assume that the sole effect of the current injection is to increase the temperature of the top edge of the Hall bar, while the temperature of the bottom edge remains constant. The increase in temperature is responsible for an increase in shot noise across the QPC at x = 0, which is computed in Refs 26 and 27. However, it does not appear to have been noted that the increase in temperature also changes the magnitude of the tunneling current. Here, we write an expression for ∆I tun when there is a temperature difference between the two edges of the Hall bar and describe how it differs qualitatively from our prediction for ∆I tun in the previous section.
We again describe the edge of the quantum Hall bar using Luttinger liquid theory. We consider an edge with counterpropagating charged and neutral modes, described by the La-
where L T /B are given by Eq (15) . Quasiparticles are labelled by integer pairs q = (q n , q c ), with their charge given by q c e * and annihilation operator Φ m . The QPC at x = 0 is described by L tun in Eq (16) . When there is a voltage V 0 applied across the QPC, λ q → λ q e −iqcω0t , where ω 0 = e * V 0 . Following Ref 27, the tunneling current from a particular species of quasiparticle Φ q from the top edge of the Hall bar to a species Φ q on the bottom edge can be computed when the top edge is at temperature T T and the bottom edge at T B using the finite temperature prescription for correlation functions described in Sec C 1, yielding
where F is the integral
We have absorbed the edge mode velocities into the tunneling coefficients. When there are multiple species of quasiparticles, their contributions to the tunneling current add. Define the excess current ∆I tun = I tun − I tun T T =T B . The contribution to ∆I tun from tunneling from Φ q to Φ q , transferring charge q c e * , is proportional to
where the inequality results from imposing the physical constraint T T /T B > 1. Consequently, when sin(
, increasing the injected current decreases the magnitude of the tunneling current, while in the opposite case, the magnitude of the tunneling current decreases. As in the previous section, the sign of the change in current depends on the scaling dimensions of the tunneling quasiparticles.
To fit the temperature difference theory to the experimental data in the next section, we will need the expression for zerofrequency noise measured at the voltage probe when I n = 0, which is computed in Ref 27 . The contribution to the noise from the process of tunneling Φ q on the top edge to Φ q on the bottom edge is
where
, B is the beta function and ψ is the digamma function. The contributions from multiple species of quasiparticles add. Note that there is an important diference between this model and the model of a weak downstream perturbation in Section II. If the two edges are at different temperatures, then all tunneling processes are affected by the temperature difference. However, in the case of a weak downstream perturbation, only tunneling processes involving counter-propagating neutral modes will be affected. In the case of the ν = 2/3 state, these would be charge-e/3 tunneling processes; charge-2e/3 tunneling processes, which do not involve the neutral modes, would be independent of the downstream perturbation in the limit of vanishing interaction between charged and neutral modes.
IV. COMPARISON TO EXPERIMENT AT ν = 2/3
We have shown that injecting current downstream from the QPC should produce a change in the tunneling current across the QPC. In this section, we try to estimate the magnitude of this change when the system is at filling fraction ν = 2/3 to determine whether it could be observed in experiment. When we model the current injection by weakly coupling a lead to the edge of the Hall bar, as described in Sec II, we do this by fitting our theoretical expression for ∆S tun to the measured excess shot noise in Ref 8. The best-fit values of the tunneling amplitudes allow us to estimate ∆I tun . In the temperature difference model of Sec III we fit the measured shot noise at I n = 0 from Ref 8 and use best-fit parameters from Ref 27 to estimate ∆I tun . Coincidentally, in both models we find that there should be tunneling current on the order of .1 nA, which should be observable in experiment.
A. Theoretical description of the ν = 2/3 edge The ν = 2/3 edge is expected to be described by the Lagrangian (15) , with g c = 6, g n = 2 and e * = e/3. 6 Tunneling across the QPC at x = 0, as described by Eq (16) , is dominated by three equally most-relevant terms. Two of these terms tunnel charge e/3 quasiparticles, described by q n = ±1, q c = 1 and the third tunnels a charge 2e/3 quasiparticle with q n = 0, q c = 2. Other quasiparticles are less relevant and we will not consider them here. Either species of charge-e/3 quasiparticle can tunnel from the top edge of the Hall bar to either species at the bottom edge; let |λ 1 | 2 denote the sum of the squares of the amplitudes corresponding to charge e/3 tunneling across the Hall bar and let |λ 2 | 2 denote the square of the amplitude corresponding to tunneling charge 2e/3 across the Hall bar. Tunneling from the external electron lead, described in Eq (17) , is dominated by two mostrelevant terms, which have r n = ±1, r c = 3. We denote their respective couplings Λ 1 , Λ 2 . Hence, all of these most-relevant tunneling terms have q 2 = 2/3 and r 2 = 2.
The experimental data is in terms of the source current, I s , and the injected current, I n , which we need to express in terms of our theoretical parameters V 0 and V 1 (weakly coupled lead) or V 0 , T T and T B (temperature difference model). The source current is related to the voltage V 0 applied across the Hall bar by the Hall conductance, I s = The excess shot noise as a function of I n when I s = ω 0 = 0 is shown in Fig 2, overlaid with (27) , our theory predicts the scaling ∆S tun ∝ |ω 1 | 4/3 ∝ |I n | 2/3 , which is plotted with only an overall scaling factor for each t. We have taken T = 0 for simplicity. The theoretical model fits the experimental data well at all transmission probabilities. It is especially good at t = 99%, where perturbation theory is most applicable.
In Appendix C 5 for the ν = 2/3 edge:
. We have taken |Λ 1 | = |Λ 2 |, consistent with the symmetry of the measured data under I s → −I s . From here on, we will take the tunneling amplitudes to be constant for simplicity. Fig 3 shows the excess noise at all four values of I n overlaid with the theoretical prediction using the averaged best fit values. The fits show that a change in temperature is not necessary to fit the excess noise that is measured.
We then use the fit parameters to predict the change in current, ∆I tun , that results from injecting the neutral current, as described in Sec II B and computed in Appendix C 5:
This prediction for excess current is shown in Fig 4 using the best-fit values. ∆I tun has the opposite sign as I s and a maximum magnitude of .12nA when I n = −2nA. Given that I n is measured in tenths of nanoamps, we expect ∆I tun = .12nA to be observable. This prediction might explain the slight decrease in transmission in Fig 3a of Ref 8 , but it is difficult to discern from the measurement whether the effect is real. It would helpful to increase I n further and observe whether the change in transmission becomes significant.
C. Theoretical prediction of excess current for the ν = 2/3 system with a temperature difference between the edges
In the temperature difference model, the excess noise at I n = 0 is given by Eq (31) applied to the ν = 2/3 edge,
There is an extra factor of 2, consistent with the definition of shot noise used in Ref 8. Using the best-fit value of θ = .39 obtained in Ref 27 , we fit the shot noise at I n = 0 to find T B = 48mK and |λ 1 | 2 = 1.8 × 10
. These values yield the fit in Fig 5 and allow us to predict the magnitude of excess current using Eqs (28) and (29):
where C = (πT B ) 1/3 |λ 1 | 2 sin(2π/3) and β = T T /T B . For simplicity we have taken the tunneling amplitudes to be constant. In Ref 27 , the authors find the fit β = 1 + 5.05|I n nA −1 | .54 , which predicts that β increases from 1 to 8 as I n is turned up to 2 nA. The predicted current is shown in Fig 6, where the maximum change in current is seen to be .12 nA. Coincidentally, this is the same magnitude as predicted from the weak tunneling model. We believe this current to be observable in experiment.
The theoretical prediction is a good fit to the data but both the best-fit temperature of T B = 48mK and the best-fit temperature increase by a factor of β ∼ 8 at I n = −2 nA are significantly larger than the increase from 10mK to 25mK estimated in Ref 8. This might be attributed to a discrepancy between the modified free-fermion model used in Ref 8 to fit the data and the Luttinger liquid model used here. An independent measurement in Ref 30 found the temperature of a ν = 2/3 edge to increase from 30mK to 130mK over a similar range of I n , using quantum dot thermometry. 31, 32 However, it is not clear whether the measurement in Ref 19 of excess noise that varies with transmission probability at a QPC that has neutral modes impinging from both edges can be explained completely by the temperature difference model: since both edges would be raised to the same temperature there would no longer be a temperature gradient across the QPC. lead is weakly coupled to the edge of the Hall bar at ν = 2/3. The absolute value in Eq (33) causes the kink in each curve, which would be smooth at finite temperature.
V. CONCLUSIONS
We have used a theoretical model to predict that for an edge with counter-propagating neutral modes, current injected downstream of the QPC causes a change in both the shot noise and tunneling current across the QPC. In the specific case of ν = 2/3, we have compared our expression for excess shot noise to the values measured in experiment to determine two fitting parameters. We then used these fitting parameters to predict that the magnitude of the tunneling current could decrease by as much as .1 nA when downstream current is in- jected. This current should be barely large enough to be observed experimentally; it would increase if the injected current increased, which could perhaps be a subject of future work.
In a different model of the system which incorporates the injected current as a temperature difference between the two edges of the Hall bar, fitting the experimental shot noise data also (coincidentally) predicts that the tunneling current should change by approximately .1 nA. This fit yields a ratio of the temperatures T T /T B ≈ 8, which seems high, but is not unreasonable, given the measurements in Ref 30. It is likely that the physical edge is described by a theory that contains elements from both models. Since both models predict a measurable change in transmission when current is injected downstream of the QPC, we believe this change is a real feature. The prediction runs counter to the intuition that motivated the seminal experiment in Ref 8; hence, it would be interesting to systematically study this effect experimentally. We expect that our theory could be applied to the ν = 5/2 state by matching the scaling dimensions of the tunneling operators, but the non-Abelian nature of some candidate states might prove to be non-trivial. Another future direction would be to study the dependence of the shot noise and tunneling current on the distance between the current injection site and the QPC at x = 0. Because current flows from one edge of the Hall bar to the other, the system at hand is not in equilibrium. Hence, we rely on the Schwinger-Keldysh formalism 33, 34 to calculate correlators: to do this, we double the time contour so that t goes from −∞ to +∞ and back to −∞ again. It is convenient to label the forward and backward moving time paths by a superscript µ = ±, so that each time t is now labeled by t µ and an integral over all times is now K dt ≡
Correlation functions now depend on which side of the contour the times lie on. A thorough explanation of bosonic correlators is given in Refs 35 and 36. Here we state the result for right-or left-moving bosonic fields φ R/L :
and is a small positive number. Fermions get an extra minus sign:
A3) Similarly to the minus sign for fermions, we need to consider the Klein factors for the bosonic tunneling operators when we consider systems with two QPCs, as in Sec II. Without the Klein factors, the tunneling terms in the Lagrangian at x = 0 and x = a generically do not commute:
(We have bosonized the external lead Ψ ∼ e −iΦ and shown the spatial arguments but suppressed the time arguments.) However, because the product of the pair of operators in each set of parenthesis is bosonic, they are physically required to commute. This discrepancy is resolved by including Klein factors. The prescription is as follows: to each tunneling quasiparticle or electron operator, we attach a Klein factor κ x,T /B/E , where the subscript x = 0, a indicates the position at which the tunneling operator acts and T /B/E indicates the edge: top/bottom/external lead. For example: e iqφ T (0) → κ convenient to bosonize these pairs:
Using sgn(a) = −1, we find [θ 0 , θ a ] = −iπ(q n r n − q c r c ).
If q c r c > q n r n then conventional raising and lowering operators can be defined by a = 1 √ 2π(qcrc−qnrn)
where a † a 0 = 0, aa † = 1. This readily yields θ 0 θ a = − θ a θ 0 = i θ 0 θ 0 = i θ a θ a = i π 2 (q c r c − q n r n ). (If q n r n > q c r c , the roles of a and a † are reversed). Finally, since the system is not in equilibrium, we will actually need to use θ 0 (t
µν (t 1 − t 2 )(q c r c − q n r n ). The Klein factors drop out of the leading order current and noise calculations, which only include one QPC, but are important in computing the excess noise and current.
Appendix B: Fermionic excess current and noise calculations
Here we show the details of how to find ∆I tun to leading order as written in Eq (13) using the correlators described in Sec A. As a warm-up, we calculate the leading order noise and current across a QPC using the Keldysh formalism. Model the current injection at x = a by the tunneling term
(B1) where each of the fermion fields obeys the Lagrangian (1) for some chirality that will not be important here. The current operator corresponding to this tunneling term is
where N T is the number operator for the charged electron fields on the top edge and r c is an integer that counts the charged fields. Then the current across the QPC is given to leading order by
We have placed the time 0 on the + side of the Keldysh contour (as long as it is fixed, either side is correct) and integrated the time t over both sides. We have suppressed the space index because it does not enter. Notice that in the second to last line, the integrand disappears when t > 0, which enforces chirality. This result yields Eqs (10) and (11) . The noise across the junction S(t) = 1 2 {I tun (t + ), I tun (0 − )} is similarly computed and its Fourier transform S(ω) is found to be
(B3) which yields the usual relation in the zero-frequency limit S(ω = 0) = er c I tun . However, when there are multiple tunneling terms L tun,k that tunnel different amounts of charge n k , the proportionality of the total current and noise that are measured is lost, and S(ω = 0)/I tun = e ( k n k I tun,k ) / ( k I tun,k ).
Excess current
We now tackle the next order in perturbation theory to find ∆I tun . Using Eqs (3), (5), and (13) and the correlation functions of the previous section yields
and t 0 = 0,
The subscripts R/L have been omitted where there is no x argument. The factor of 2 in front of Eq (B4) is from another set of terms that occurs in Eq (13) which is related by t 2 ↔ t 3 . We now consider each term in Eq (B4) when the product in the second line is expanded.
The term 1, 2, 3 ) disappears when all parts of the Keldysh contour are summed over (even before integration) because it does not mix times 0 and t 1 with t 2 , t 3 . We now consider the term F L (0, 1, 2, 3)F R (0, 3, 1, 2) , which, when each contribution of the Keldysh contour is added, contributes to the right hand side of Eq (B4)
In the first line, the integral is only written for t i < 0 because the t i > 0 terms cancel; this is an example of how the Keldysh contour enforces chirality. To get the first equality, we used the expression for a delta-function
with some algebraic manipulations. The second equality is from doing the t 3 integral exactly. The denominator 1/t 3 1 in the first line should not be a concern because the limit of the entire term in parenthesis is a constant as t 1 → 0. Consequently, we can push the pole at t 1 = 0 to either side of the imaginary axis in order to do the contour integral. This strategy yields
We now impose the condition that the neutral fermions are Majorana fermions. This generates an extra term in the 4-point correlation function ψ 0 (0, 0)ψ 0 (t 1 , 0)ψ 0 (t 2 , a)ψ 0 (t 3 , a) of Eq (B4) that is equivalent to taking ω 1 → −ω 1 . Consequently, when the neutral fermions are Majorana fermions,
This yields Eq (14) in the main text.
The next term in Eq (B4) to consider is the term that contains the product F L (0, 3, 1, 2)F R (0, 1, 2, 3). By symmetry, this term will yield Eq (B9) with a ↔ −a. We are now left with only one more term in Eq (B4), that which contains F L (0, 3, 1, 2)F R (0, 3, 1, 2) and contributes to the right hand side of Eq (B4)
where in the first equality, we have taken a < 0 and removed the infinitesimal 's from terms in the denominator that are not small and approximated their values (specifically, the integral is dominated by t 3 , t 2 ≈ a < 0 and t 1 ≈ 0, so ± − i(t 3 + a) ≈ −2ia while ± + i(t 1 − t 2 − a) ≈ −2ia. By symmetry, we will get the same answer when a > 0. The second equality again utilizes the delta-function identity (B7), along with some algebra. The third equality uses the derivative of the delta-function identity and integration by parts. In the main text, we consider the case where the injected current is far away from the tunneling QPC, so that |a| 1/ω 0 , 1/ω 1 , and hence ∆I tun, 22 ∆I tun,12 . However, ∆I tun,22 is present, and in a future experiment where a is of the same scale as the length scale set by the voltages, we would expect it to have an effect, which is independent of the sign of a.
Excess noise
The excess shot noise is defined by
We will compute ∆S tun (ω) = dte iωt ∆S tun (t) using the tunneling terms Eqs (3) and (5):
The factor of 1 2 that is in the definition of S(t) is cancelled by a factor of 2 that comes from a different term that takes t 2 ↔ t 3 . Eq (B12) looks very similar to Eq (B4) so we can provide an abbreviated analysis.
The term that contains the product F L (0, 1, 2, 3)F R (0, 1, 2, 3) disappears, as in the excess current calculation. We now consider the term that contains 1, 2, 3)F R (0, 3, 1, 2) , the analogue of ∆I tun,12 defined in the previous section:
To obtain the limits of integration in the first line, we used the fact that the integral is dominated by t ≈ 0 and t 2 , t 3 ≈ a because of the placement of the poles. The rest of the equalities follow similarly to the excess current calculation in the previous section. The result is that in either the limit |ω 0 | |ω 1 | or |ω 1 | |ω 0 |, |∆S tun,12 (ω = 0)| = e|∆I tun,12 |, but generically, this proportionality does not hold. If the neutral fermions are Majorana fermions then the extra term in the 4-point correlation function contributes an overall factor of two.
We now consider the remaining terms in Eq (B12). The term containing F L (0, 3, 1, 2)F R (0, 1, 2, 3) is the same as ∆S tun,12 with a → −a. The final term is that containing F L (0, 1, 2, 3)F R (0, 3, 1, 2) . Similarly to the calculation of ∆I tun,22 , we compute
We assumed a < 0 and since the result is symmetry under a → −a, it holds for a > 0 as well. From these results, we see that in any of the limits
, the excess noise and excess current are proportional via ∆S tun (ω = 0) = e∆I tun .
Appendix C: Bosonic excess current and noise calculation
Here we will show the details of how to find ∆I tun to leading order as written in Eq (23) using the correlators and Klein factors described in Appendix A and the tunneling terms in Eq (16) and (17) . We first find the leading order current and noise, which follow similarly to the fermion case of the previous section. For the remainder of this section, we will omit the sum over quasiparticles and consider the contribution to the tunneling noise and current from a single species described by q = (q n , q c ) tunneling from the top edge at x = 0 to a single species q = (q n , q c = q c ) at the bottom edge, with amplitude λ and a single charge-e species tunneling to the external lead described by r = (r n , r c ) with tunneling amplitude Λ. 
The generalization from Eq (B2) for fermions is clear. A similar calculation yields:
The leading order contribution to the shot noise at the QPC at x = 0 is found in the same way, yielding 
This yields the expected proportionality S tun (ω = 0) = q c e * I tun . However, if there are multiple species of tunneling quasiparticles, then the total current and shot noise are a sum over the contributions from all quasiparticles and their proportionality is lost.
Finite temperature
At finite temperature the correlation functions can be deduced from the zero-temperature correlators by conformal transformation. The result is 38
where T indicates the temperature. Consequently, the results of the previous section are modified as follows: 
where B is the beta-function B(x, y) = Γ(x)Γ(y)/Γ(x + y). Similarly, S tun (ω = 0) = (e * ) 2 |λ| 2 (2πT ) 
There will be an additional contribution from interactions between the QPC and the noise in the source current.
Excess current
We now compute the correction to ∆I tun from the injected current. This is similar to the calculation in Appendix B 1, but more difficult because the bosonized edge allows for fractional exponents. Expanding on the definition of ∆I tun in Eq (23) (i K +σ (−t 3 ) − (−t 3 ± a)) qj rj
the index j = 1, 2 corresponds to n, c. The R/L index has been suppressed on the correlation functions that have no spatial argument. The powers of i in H j,R/L keep track of the Klein factors, as discussed in Appendix A. When we sum over both sides of the Keldysh contour for the times t i , we see that only times t i < 0 survive; this is another example of the Keldysh method enforcing causality. Hence, the integral (C7) is dominated by t 1 ≈ 0, t 2,3 ≈ −|a|. As shown in Fig 1, we are interested in a < 0, although by the symmetry of Eq (C7), the computation for a > 0 will be the same as that for a < 0 if we swap q n , r n ↔ q c , r c . Consequently, we are free to take a < 0. In this case, the branch cuts in H 2L do not approach zero, so we can take = 0 in H 2L , as well as t 2 = t 3 , and find H 2L = 1. We cannot make these approximations in H 1R because will matter when the branch cuts get close to zero. Writing out the sum over all parts of the Keldysh contour with this simplification yields on the top edge tunneling across the QPC to a species q =
